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In this work, a new class of slowly rotating black hole solutions in dilaton gravity has been
obtained where dilaton field is coupled with nonlinear Maxwell invariant. The background
space-time is a stationary axisymmetric geometry. Here, it has been shown that the
dilaton potential can be written in the form of generalized three Liouville-type potentials.
In the presence of this three Liouville-type dilaton potential, the asymptotic behavior
of the obtained solutions are neither flat nor (A)dS. One bizarre property of the electric
field is that the electric field goes to zero when r → 0 and diverges at r → ∞. We
show the validity of the first law of thermodynamics in thermodynamic investigations.
The local and global thermodynamical stability are investigated through the use of heat
capacity and Gibbs free-energy. Also, the bounded, phase transition and the Hawking-
Page phase transition points as well as the ranges of black hole stability have been shown
in the corresponding diagrams. From these diagrams, we can say that the presence of the
dilaton field makes the solutions to be locally stable near origin and vanishes the global
stability of our solutions. In final thermodynamics analysis, we obtain the Smarr formula
for our solution. We will show that the presence of dilaton field brings a new term in the
Smarr formula. Also, we find that the dilaton field makes the black hole(AdS) mass to
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decrease for every fix values of S(entropy).
Keywords: Black hole; Dilaton gravity; Power-Law Electrodynamics; thermodynamics;
Smarr formula .
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1. INTRODUCTION
In the context of gravity the General Theory of Relativity is a successful accom-
plishment. This theory parallel with quantum field theory are the basis of modern
physics. General Relativity speaks with the language of differential geometry which
is a different approach rather than quantum field theory and it is no any exaggera-
tion to say that this theory actually has been revolutionized our understanding of
the Universe.
The Einstein field equations which are completely unchanged since November
1915 when Einstein proposed them are still the best description of space-time be-
haviour in large scales. These equations are:
Gµν =
8piG
c4
Tµν (1)
Where Gµν is the Einstein tensor, Tµν is the energy-momentum tensor, c is the
speed of light and G is the Newton’s gravitation constant (we set here G=c=1).
It is believed that these equations govern the expansion of the universe, formation
of all structures in the universe from planets, stars and solar-systems up to cluster
and super-cluster galaxies, black holes behaviour, gravitational waves and so more.
The limitations of General Relativity come to existence from such scenarios like
the ’dark universe’. For almost thirty years the impressive amounts of astronomical
data indicate that our universe is spatially flat and experiences a phase of accelerated
expansion 1. In the context of standard cosmology, based on General Relativity,
this accelerated expansion can be explained by an unknown form of energy which
is called dark energy 2, 3. Another way of explaining this acceleration is based on
some sort of modifications for the Einstein theory of gravity. There are various kind
of modifications of gravity which have been proposed in the literature since past
few decades. Some of them are as Lovelock gravity 4, scalar-tensor theories 5 6 7 8
9 10, f(R) gravity 11, etc.
Among the scalar fields, dilaton field is a kind of scalar field that is coupled
to the Einstein gravity in the low energy limit of string theory. In past few years
this scalar field has been appeared in various theories like dimensional reduction,
different models of supergravity, etc. Also, it is important to see the effect of dilaton
field on the structures of the solutions. It was considered that the presence of the
dilaton field can change the causal structure of space-time geometry. Although, this
scalar field can change the asymptotic behaviour of the space-time as well as the
thermodynamical properties of charged black hole(BH) solutions.
Nonlinear electrodynamics has been introduced for the sake of solving some
problems. This theory can eliminate the divergences in self-energy of point-like
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charges(The singularity of the electrical field of point-like charges) in the linear
Maxwell theory. The Born - Infeld nonlinear electrodynamic actually was proposed
to resolve these divergences from the linear case12, 13, 14, 15, 16. Also, this nonlinear
model can help to remove the curvature singularities in the black hole investigations
17.
Another new nonlinear electrodynamics model is known as the power-law
Maxwell electrodynamics. In this model, the electromagnetic part of the Lagrangian
density is F = (FµνFµν)p, where p is the nonlinearity parameter. The power-
law Maxwell Lagrangian is conformally invariant in higher dimensions. This kind
of Lagrangian is invariant under the conformal transformation gµν → Ω2gµν and
Aµν → Aµν . In the last few years, the power of Maxwell invariant(PMI) has been
considered as an interesting study area in the context of geometrical physics for
different dimensionality ranging 18 19 20 21 22 and more clearly in the framework of
Einstein- Maxwell dilaton gravity 23 24 25.
The paper in organized as the following order. In section 2, we first introduce
the Einstein-Generalized Maxwell gravity which is coupled to a dilatonic field. After
that, by varying this action with respect to the metric gµν , dilaton field Φ and the
gauge field Aµ, we have written the equations of motion. Also, We have solved these
equations in order to obtain the slowly rotating dilatonic black holes inspired by
power-law electrodynamics. In the end of this section we have also showed that the
dialton potential can be written as the generalized three Liouville-type potentials.
In section 3, the conserved quantities as total mass, angular momentum, electric
charge and electric potential have been obtained. In section 4, we have showed that
the asymptotic behavior of the obtained solutions are neither flat nor (A)dS. Also,
we have plotted the electric field diagram versus r. In this case, the electric field
goes to zero when r → 0 and diverges at r → ∞. Section 5 is devoted to investi-
gate the thermodynamic properties of this new slowly rotating black hole solution.
The black hole temperature and entropy(S) are obtained in this section and their
corresponding diagrams have been investigated as well. Through the redefinition of
mass as a function of the extensive quantities Q and S and their conjugates, we
have showed the validity of the first law of thermodynamics. Section 6 is dedicated
to determine the local and global stability of our black hole solution. In local sta-
bility analysis due to the heat capacity calculation, we determine the type-1 and
type-2 phase transition points and also the impact of the dilaton field on the black
hole stability through diagrams. Although, in global stability analysis via the Gibbs
free energy, the Hawking-Page phase transition is determined as well as the global
stability of our solution in the presence of dilaton field. In section 7, we study the
Smarr formula. We have showed that the presence of dilaton field brings a new
term in the Smarr formula. Final section as is clear is devoted to our summary and
closing remarks.
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2. FIELD EQUATIONS AND THE BH SOLUTIONS
Here we introduce the action of charged black holes in the Einstein-Generalized
Maxwell gravity which is coupled to a dilaton field. The general form of this action
is as 26 27:
S =
1
16pi
∫
d4x
√−g (R− 2gµν∇µΦ∇νΦ− V (Φ) + L(F ,Φ)) (2)
Where R is the Ricci scalar, V (Φ) is the potential of dilaton field. The last term
in this relation is actually the representation of coupling between electrodynamics
and scalar field. This term is as L(F ,Φ) = ( − Fe−2αΦ)p where F = FµνFµν(In
electromagnetic context, Fµν is defined as Fµν = ∂µAν − ∂νAµ), α is the coupling
constant and power p is the nonlinearity parameter. In special case p=1, this ac-
tion reduces to the Einstein-Maxwell-dilaton gravity action. Varying this action
with respect to the metric gµν , dilaton field Φ and the gauge field Aµ after some
simplifications, yields:
Rµν = 2∂µΦ∂νΦ + 1
2
gµνV (Φ) +
[
(p− 1
2
)gµν +
p
F FµγF
γ
ν
]
L(F ,Φ) (3)
∇µ(
√−gLF (F ,Φ)Fµν) = 0 (4)
∂µ∂
µΦ =
1
4
∂V (Φ)
∂Φ
+
αp
2
L(F ,Φ) (5)
In these set of equations we have FµγF
γ
ν ≡gβγFνβFµγ and LF (F ,Φ) ≡ ∂∂FL(F ,Φ).
Now, we consider the following ansatz as a 4-dimensional spherical rotating
metric
ds2 = −X(r)dt2 + dr
2
X(r)
+ 2aH(r)sin2θdtdφ+ f(r)2dΩ22 (6)
Where dΩ22 is the line element of a 2-dimensional hypersurface. In this assuming
metric, X(r) H(r) and f(r) are three unknown functions of r that is our goal to find.
For small rotation case, we are able to solve Eqs.(3)-(5) to first order in angular
momentum parameter a. From solving Einstein field equations, the only term which
is added to non-rotating case is gtφ that contains the first order of a.
Here, we consider this gauge potential:
Aµ = h(r)
(
δtµ − asin2θδφµ
)
(7)
Also, one can show that for the infinitesimal angular momentum
F = FµνFµν = −2
(
h′(r)
)2
(8)
Where h(r) is an unknown function that we try to find it(For proving this relation
one can see more details in the appendix). Integration of Maxwell equation(Eq.(4))
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gives:
Ftr =
qe
2αpΦ(r)
2p−1
f(r)
2
2p−1
(9)
Where q is an integration constant in this relation which is related to the electric
charge.
By using the above ansatz(Eq.(6)) in Eq.(3), we find the following field equations.
These field equations are for tt, rr, θθ and tφ components, respectively.
2f ′(r)X ′(r) + f(r)X ′′(r) = f(r)V (Φ) + (3p− 1)f(r)L(F ,Φ) (10)
2f ′(r)X ′(r) + f(r)X ′′(r) + 4f ′′(r)X(r) = 4f(r)X(r)Φ′2 + f(r)V (Φ)+
(3p− 1)f(r)L(F ,Φ) (11)
[
X(r)(f2(r))′
]′
− 2 = f2(r)V (Φ) + (2p− 1)f2(r)L(F ,Φ) (12)
f2(r)X(r)H ′′(r) + 2H(r)
(
f(r)f ′(r)X ′(r)− 1
)
= f2(r)H(r)V (Φ)+(
(2p− 1)H(r) + pX(r)
)
f2(r)L(F ,Φ) (13)
From Eqs. (10) and (11) we have
f ′′(r)
f(r)
= Φ′(r)2 (14)
We further assume this ansatz as well:
f(r) = βrN (15)
Where β and N are just two constants. By putting this ansatz in Eq.(14), Φ(r) will
be:
Φ(r) = ±
√
N(N − 1)ln(r) + Φ0 (16)
Here Φ0 is also an integration constant. Without the loss of generality we set Φ0 = 0.
As is clear in this relation, N parameter is related to the dilaton field and if we set
N = 1, dilaton field will be vanished(N ≥ 1).
From Eqs. (7, 9, 15, 16), the non-vanishing components of the electromagnetic
field tensor are:
Ftr = −Frt =

q
β
2
2p−1 r
2
2p−1
for N = 1
q
β
2
2p−1
r
2N[2p(N−1)−1]
2p−1 otherwise
(17)
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Fφr = −asinθFtr , Fθφ = −ah(r)sin2θ (18)
For h(r) in the gauge potential Eq.(7), we have:
h(r) =

(2p−1)q
β
2
2p−1 (2p−3)
r
2p−3
2p−1 for N = 1
(2p−1)q
β
2
2p−1 [2p(2N2−2N+1)−3]
r
2p(2N2−2N+1)−3
2p−1 otherwise
(19)
We have assumed in this work that α=2
√
N(N − 1).
By using Eqs.(8, 15, 16, 19) in Eqs.(10-13), one can obtain
X(r) =
r2−2N
β2(2N − 1) −mr
1−2N − Λ
N(4N − 1)r
2N + Υ(r) (20)
H(r) = −mr1−2N − Λ
N(4N − 1)r
2N + Υ(r) (21)
Where
Υ(r) =

− 2p(2p−1)2q2pr
− 2
2p−1
4β
4p
2p−1 (2p−3)
for N = 1
2p(2p−1)2pq2pr2
(2p(N−1)2−1)
2p−1
2β
4p
2p−1 (2pN2−6pN+N+2p−1)(4pN2−4pN−2N+2p−1)
otherwise
(22)
Without the loss of generality, we can set β = 1 in the above equations.
One property of these solutions is that if we set N = 1, the slowly rotating
Kerr metric(Lense-Thirring metric) recovers. Also, by setting a = 0 and p = 1 the
Reissner-Nordstrom metric recovers, too 28.
The curvature singularity for this solution is located at r=0(We have showed
this fact by using the Ricci scalar diagrams in appendix).
If dilaton potential considers as a three Liouville-type potentials as:
V (Φ) = 2Λ1e
2ζ1Φ + 2Λ2e
2ζ2Φ + 2Λe2ζ3Φ (23)
Then, we have
Λ1 = − N − 1
β2(2N − 1) , Λ2 = −
(2p− 1)2p−1q2p(2pN2 − 7pN +N + 2p− 1)
β
4p
2p−1 [(2N2 − 6N + 2)p+N − 1]
(24)
ζ1 = −
√
N
N − 1 , ζ2 =
2p(N − 2)
2p− 1
√
N
N − 1 , ζ3 =
√
N − 1
N
(25)
In Eq.(23), Λ is a free parameter where plays the role of the cosmological con-
stant.
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3. CONSERVED QUANTITIES
The first conserved quantity that we introduce here in terms of the mass parameter
m is the mass of black hole. As is clear, the asymptotic behaviour of the metric
functions(Eqs.(20) and (21)) is unusual. In this case, the quasilocal formalism of
Brown and York must be applied for obtaining the quasilocal mass of dilaton black
holes 29 30. Using this formalism and after some calculation we find the quasilocal
mass as:
M =
Nβ2
2
m (26)
Also, through the use of Komar conserved quantities 31 32 33, we obtain
J =
(4N − 1)β2
3
ma (27)
Using Eq.(4), the electric charge can be obtained through the modified Gauss
law. This modified law can be written as:
Q =
1
4pi
∫
e−2αpΦβ2r2N (−F)p−1FµνnµuνdΩ (28)
Where nµ and uν are the space-like and time-like unit normals to a hypersurface
of radius r, respectively. With the help of Eqs.(9), (15) and (16) and after some
calculations, the electric charge is given by:
Q =
2p−1q2p−1
4pi
(29)
The electric potential U, measured by an observer at infinity with respect to the
event horizon r+, is defined by:
U = Aµχ
µ|r→∞ −Aµχµ|r=r+ (30)
Here, χ = C∂t is the null generator of the event horizon and C is just a constant
which may be fixed. Using Eq.(17), the electric potential on the horizon will be as:
U =

Cq
β
2
2p−1
2p−1
2p−3r
2p−3
2p−1
+ for N = 1
Cq
β
2
2p−1
2p−1
4pN2−4pN−2N+2p−1r
4pN2−4pN−2N+2p−1
2p−1
+ otherwise
(31)
4. PHYSICAL PROPERTIES OF THE SOLUTIONS
In order to investigate the asymptotic behaviour of the obtaining solutions, we work
on the r →∞ limit of X(r) function.
lim
r→∞X(r) = −
Λ
N(4N − 1)r
2N+
2p−1(2p− 1)2pq2pr2 (2p(N−1)
2−1)
2p−1
(2pN2 − 6pN +N + 2p− 1)(4pN2 − 4pN − 2N + 2p− 1) (32)
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In this limit as is clear, the asymptotic behaviour of the obtained solutions are
neither flat nor (A)dS, but when we set N = 1, the dilaton field will disappear and
someone can find:
lim
r→∞X(r) = 1−
Λ
3
r2 (33)
This relation tells the asymptotic behaviour is flat(Λ = 0), AdS(Λ < 0) or dS(Λ >
0). As we can see, the unusual asymptotic behaviour of these solutions is a direct
consequence of the dilaton field not even the non-linearity of the electrodynamics
source.
Now, we want to study the behaviour of the electric field in the presence of the
dilaton field. One bizarre property of the electric field is that the electric field goes
to zero when r → 0 and diverges at r →∞. In this case, we can say the presence of
the dilaton filed reverses the behaviour of the electric field, because in the normal
cases(N = 1) the electric field diverges at r → 0 and goes to zero when r → ∞.
To have a more precise understanding of this behaviour, we plot E(r) versus r for
different parameters.
Fig. 1: E versus r where N and p parameters change. In the left diagrams we set
q=1, p=2. For the right diagrams we set q=1, N=3.
5. THERMODYNAMICS
From the proposing relation for the black holes temperature via Hawking and
Bekenstein, we can calculate this quantity for the previous black hole solution. The
Hawking-Bekenstein temperature relation for a given static spherically symmetric
June 19, 2020 1:8 WSPC/INSTRUCTION FILE ws-ijmpa
New Black Hole Solution In Dilaton Gravity Inspired By Power-Law Electrodynamics 9
black hole is as follow through the definition of surface gravity(κ):
T =
κ
2pi
=
1
2pi
√
−1
2
(∇µχν)(∇µχν) = X
′(r+)
4pi
(34)
Where χ = ∂/∂t is the killing vector of event horizon. This formula means we first
take the derivative of X(r) with respect to r and then put r+(the largest real root of
the metric function X(r+) = 0) instead of r. The Hawking-Bekenstein temperature
for this black hole solution can be written as:
T = − (N − 1)
2piβ2(2N − 1)r
1−2N
+ +
(2N − 1)m
4pi
r−2N+ −
Λ
2pi(4N − 1)r
2N−1
+ +
Υ′(r+)
4pi
(35)
Where we have
Υ′(r+) =

2p(2p−1)q2pr−
2p+1
2p−1
+
2β
4p
2p−1 (2p−3)
for N = 1
2p(2p−1)pq2p(2pN2−4pN+2p−1)r
4pN2−8pN+2p−1
2p−1
+
β
4p
2p−1 (2pN2−6pN+N+2p−1)(4pN2−4pN−2N+2p−1)
otherwise
(36)
In order to see the effect of some parameters on temperature, we present the follow-
ing diagrams to show the effect of Λ and N parameters on this thermodynamical
quantity.
Fig. 2: T versus r+ where Λ and k parameters change. In the left diagrams we set
m=1, q=1, N=2, p=2, β = 1. For the right diagrams we set m=1, q=1, Λ = −1,
p=2, β = 1.
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The semiclassical black hole entropy(S) in n+1 dimensions from the Bekenstein-
Hawking formula brings:
S =
A+
4
=
ωn−1
4
(βrN+ )
n−1 (37)
Where ωn−1a is given by:
ωn−1 =
2pin/2
Γ(n/2)
(38)
In 3+1 dimensions we have:
S =
A+
4
= piβ2r2N+ (39)
Now we introduce the mass parameter m in terms of horizon radius r+ which is
not a difficult task
m(r+) =
1
β2(2N − 1)r+ −
Λ
N(4N − 1)r
4N−1
+ +mk(r+) (40)
Here, mk(r+) is as follow:
mk(r+) =

− 2p−1q2p(2p−1)2
2β
4p
2p−1 (2p−3)
r
2p−3
2p−1
+ for N = 1
2p−1(2p−1)2pq2pr
4pN2−4pN+2p−2N−1
2p−1
+
β
4p
2p−1 (2pN2−6pN+N+2p−1)(4pN2−4pN−2N+2p−1)
otherwise
(41)
Also, one can define the mass as a function of the extensive quantities Q and S.
This function can be written as M(S,Q) where the intensive quantities conjugate
to S and Q are:
T =
(
∂M(S,Q)
∂S
)
Q
, U =
(
∂M(S,Q)
∂Q
)
S
(42)
Here, it is worthwhile to check the validity of the first law of thermodynamics.
In differential form, we have
dM(S,Q) =
(
∂M(S,Q)
∂S
)
Q
dS +
(
∂M(S,Q)
∂Q
)
S
dQ (43)
After some algebraic manipulation and simplification, the above equations confirm
that the first law of thermodynamics is valid, which is:
dM = TdS + UdQ (44)
As a matter of calculation and using Eqs.(31, 39, 40, 42), we have
C =
{
−2pip for N = 1
4piNp2
2pN2−6pN+N+2p−1 otherwise
(45)
aThe surface area of a unit hypersphere in n-1 dimensions
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6. LOCAL STABILITY, PHASE TRANSITION, GLOBAL
STABILITY
In this section, we study the stability(local and global) and phase transition of the
slowly rotating charged black holes in dilaton gravity. First, we investigate the local
stability by calculating the heat capacity and its corresponding diagrams. In this
case, one can use the heat capacity relation which is
CQ = T
(
∂S
∂r+
)
Q
(
∂T
∂r+
)−1
Q
= T
(
∂S
∂T
)
Q
= T
(
∂2M
∂S2
)−1
Q
(46)
In order to ensure that the black hole is thermally stable, the heat capacity required
to be positive. In other words, this positivity confirms that the black hole is locally
stable(When CQ > 0, the black hole is in a stable phase, and when CQ < 0, the
black hole experiences an unstable phase). From equations (35), (39) and the heat
capacity relation we have
CQ =
(
2Npiβ2r2N−1+
)
×(
− (N − 1)
2piβ2(2N − 1)r
1−2N
+ +
(2N − 1)m
4pi
r−2N+ +
Λ
2pi(4N − 1)r
2N−1
+ +
Υ′(r+)
4pi
)
×
(
(N − 1)
2piβ2
r−2N+ −
2N(2N − 1)m
4pi
r−2N−1+ +
(2N − 1)Λ
2pi(4N − 1)r
2N−2
+ +
Υ′′(r+)
4pi
)−1
(47)
Where Υ(r+) is the Eq.(22).
It is worthwhile to introduce two important thermodynamical points. These
points are bounded point and phase transition point where:
{
T = 0 bounded point or type one phase transition
( ∂T∂r+ )Q = 0 phase transition point or type two phase transition
(48)
In other words, the bounded point is where the heat capacity or temperature van-
ishes. The phase transition point is where the heat capacity diverges. Here, we show
the heat capacity diagrams for different parameters. In these diagrams the phase
transition points are clear to see.
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Fig. 3: C versus r+ where N changes. we set Λ = −1, m=0.1, p=2, q=0.1 for left
diagrams. Λ = −0.1, m=2, p=2, q=1 for right diagrams.
Fig. 4: C versus r+ where N changes. we set Λ = −1, m=2, p=2, q=1 for left
diagrams. Λ = −1, m=2, p=2, q=1 for right diagrams.
In Fig.3, we study the effect of dilaton field on the local stability of our solutions.
In the left case, we compare two cases. First, when we do not have dilaton field(N=1)
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, second when we have this field(N ≥ 2). For the first case, it goes under a unstable
phase until it enjoys a type-2 phase transition(around r = 0.7). In second case
which contains the blue and green colors, we can see the stability before r = 0.7.
In the right case, we compare two cases as well. First, when we do not have dilaton
field(N = 1) and second we have dilaton field with N = 1, 2. As is clear, the red
case is behaves as the left diagram case. It is unstable until it enjoys a type-2 phase
transition(around r = 7). When we have dilaton field(N = 1, 2), the blue and green
color diagrams are unstable until they experience a type-1 phase transition(r = 1).
After this point, they will be stable completely. From the Fig.3, we can say that
the presence of the dilaton field makes the solutions to be stable near the origin in
compare with the ordinary case(when we do not have dilaton field N = 1). This
investigations are true for Fig.4 as well.
Now, we investigate the global stability by considering the Gibbs free energy.
G = M − TS −QU (49)
In order to say that the black hole is globally stable depends on the positivity of the
Gibbs free energy with positive temperature. Now, it is important to emphasis that
the Hawking-Page phase transition occurs in places where the Gibbs free energy
vanishes. The idea of global stability and phase transition was first proposed by
Hawking and Page 34. Here, we plot the Gibbs free energy diagrams to see the
effect of some parameters on this quantity, schematically.
Fig. 5: G versus r+. In the left diagram Λ changes and we set q=1, N=2, m=1,
p=2, β = 1. In the right diagram where N changes, we set Λ = −1, q=1, m=1,
p=2, β = 1.
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In Fig.5, we want to see the effect of dilaton field on the global stability of our
solutions compare to the ordinary case(N = 1). In the left diagrams, the ordinary
case(N=1) is unstable until it goes under the Hawking-Page phase transition(around
r=1). After that it is stable completely. When we have the dilaton field(N ≥ 2), the
N = 2 case behaves like the ordinary case, but for the case of N = 3, we encounter
the complete global unstability. In the right diagrams for the greater values of N,
there is no any global stability. In sum, we can say the presence of diaton field makes
the solutions to be globally unstable in compare to the ordinary case(N = 1).
7. SMARR FORMULA
In this section, we introduce the smarr formula for our solution. As is clear, this
solution leads to a new kind of relation for the smarr formula. Smarr’s formula has
been studied a lot in the case of non-linear electrodynamics 35 36. From Eqs.(26,
31, 35, 39, 45) and after some tedious calculations, we obtain:
M =
2N
2N − 1TS +
N(N − 1)
(2N − 1)2
(
S
piβ2
) 1
2N
− β
2NΛ
(2N − 1)(4N − 1)
(
S
piβ2
) 4N−1
2N
−
(
2pN2 − 4pN + 2p− 1)
p(2N − 1) QU (50)
We name this equation as the smarr formula for the dilatonic black holes inspired
by power-law electrodynamics. In this relation, the second term is added to the
Smarr formula due to the presence of dilaton field, because when we set N = 1
the dilaton field will disappear(one can check the Eq.(16)). Now, we want to see
the changes of M(mass parameter) versus S(entropy). As is clear, we find that the
dilaton field makes the M(mass parameter) to decrease for every fix values of S.
This fact is obvious in the following diagrams. We have showed the fixed value(just
one case for example) with a vertical yellow line. As someone can see the red line is
belongs to the ordinary case(no dilaton field N = 1) and the other colors represent
the presence of the dilaton field(N = 1, N = 2). In the presence of this field, the
mass would be small and smaller.
We note that this statement is not always true for the temperature T, electric
potential U and the electric charge.
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Fig. 6: M versus S. we set T=1, U=1, Q=1, p=2, Λ = −10(left diagrams) when N
changes. we set T=1, U=3, Q=1, p=3, Λ = −20(right diagrams) when N changes.
8. CONCLUDING REMARKS
In this paper, we have presented a new class of slowly rotating black hole solutions
in dilation gravity where dilaton field is coupled with nonlinear Maxwell invariant.
From the equations of motion, we obtained the different components of field equa-
tions. We used these field equations to find an exact solution for this special case.
For this solution, we showed that the dilaton field can be written as generalized
three Liouville-type potentials. From different formalisms, we obtained some con-
served quantities like the total mass, angular momentum, electric charge and the
electric potential. In thermodynamic analysis, we have obtained the temperature
and entropy(S) relations from geometrical methods. The validity of the first law
of thermodynamics is also proved in these analysis. Also, we introduced the heat
capacity and the Gibbs free energy to study the local and global stability of our
solution, respectively. After some tedious calculation, we have obtained the Smarr
formula as well. Due to the presence of dilaton field, a new term has been added to
the smarr formula. We also showed that the dilaton field makes the black hole(AdS)
mass to decrease for every fix values of S(entropy).
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9. APPENDIX
9.1. 1
The Ricci scalar relation for our solution is as follow:
R = f
2(r)X ′′(r) + 4f(r)X(r)f ′′(r) + 4f(r)f ′(r)X ′(r) + 2X(r)(f ′(r))2 − 2
f2(r)
(51)
We have plotted the Ricci scalar for different parameters. In these diagrams this
geometrical parameter diverges at r=0
Fig. 7: R versus r. we set m=1, q=1, N=2, p=2, β = 1 when Λ changes and m=1,
q=1, Λ = −1, p=2, β = 1 when N changes.
9.2. 2
Here, we want to prove the following relation for our proposing gauge potential
Eq.(7) and for the slowly rotating case
F = FµνFµν = −2
(
h′(r)
)2
(52)
The non-vanishing components of this relation are:
F = FµνFµν = FtrF tr + FrtF rt + FrφF rφ + FφrFφr + FθφF θφ + FφθFφθ (53)
From the anti-symmetric property Fµν = −Fνµ, Fµν = −F νµ we have
F = FµνFµν = 2
(
FtrF
tr + FrφF
rφ + FθφF
θφ
)
(54)
Also by using Fµν = gµαgνβFαβ , one can write
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F = FµνFµν =
2
(
gttgrr(Ftr)
2 + gtφgrrFtrFφr + g
rrgφtFrφFrt + g
rrgφφ(Frφ)
2 + gθθgφφ(Fθφ)
2
)
(55)
Using the metric ansatz Eq.(6) we obtain
F = FµνFµν =
2
(
− (h′(r))2 + 2a
2H(r)
f2(r)
(h′(r))2sin2θ − a
2
X(r)f2(r)
(h′(r))2sin2θ +
4a2
f4(r)
h2(r)cos2θ
)
(56)
For the slowly rotating case we assume a2 = 0(we drop the second order or higher
orders of a), then we arrive:
F = FµνFµν = −2
(
h′(r)
)2
(57)
References
1. S. Perlmutter et al., Astrophys. J. 517, 565 (1999);
S. Perlmutter, M. S. Turner and M. White, Phys. Rev. Lett. 83, 670 (1999);
A. G. Riess et al., Astrophys. J. 607, 665 (2004).
2. E. Copeland, M. Sami and S. Tsujikawa, arXiv:hep-th/0603057.
3. T. Padmanabhan, Phys. Repts. 380, 235 (2003) [arXiv:astro-ph/0602117].
4. D. Lovelock, J. Math. Phys. 12, 498 (1971);
D. Lovelock, J. Math. Phys. 13, 874 (1972).
5. P. Jordan, Schwerkraft und Weltall (Friedrich Vieweg und Sohn, Brunschweig, 1955);
C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961);
Yasunori Fujii and Kei-ichi Maeda. The Scalar-Tensor Theory of Gravitation. Cam-
bridge (GB): University Press (2003);
T. P. Sotiriou, Class. Quantum Gravit. 23, 5117 (2006).
6. S. B. Giddings and A. Strominger, Phys. Rev. D 47, 2454 (1993);
R. Gregory and C. Santos, Phys. Rev. D 56, 1194 (1997);
P. Klepac and J. Horsky, Gen. Relativ. Gravit. 34, 1979 (2002);
R. G. Cai, S. P. Kim and B. Wang, Phys. Rev. D 76, 024011 (2007);
Y. Ling, C. Niu, J. P. Wu and Z. Y. Xian, JHEP 11, 006 (2013).
7. Scalar-tensor black holes coupled to Born-Infeld nonlinear electrodynamics IZ Stefanov,
SS Yazadjiev, MD Todorov - Physical Review D, 2007 - APS
8. PHASES OF 4D SCALARTENSOR BLACK HOLES COUPLED TO BORNINFELD
NONLINEAR ELECTRODYNAMICS I ZH. STEFANOV, SS Yazadjiev - Modern
Physics Letters , 2008 - World Scientific
9. Charged antide Sitter scalar-tensor black holes and their thermodynamic phase struc-
ture DD Doneva, SS Yazadjiev, KD Kokkotas, IZ Stefanov - Physical Review D, 2010
- APS
10. Einstein-Born-Infeld-dilaton black holes in nonasymptotically flat spacetimes SS
Yazadjiev - Physical Review D, 2005 - APS
June 19, 2020 1:8 WSPC/INSTRUCTION FILE ws-ijmpa
18 Y.Younesizadeh, A.A.Ahmad, A.H.Ahmed, F.Younesizadeh, M.Ebrahimkhas
11. J. C. C. de Souza and V. Faraoni. Class. Quantum Gravit. 24, 3637 (2007);
K. Bamba and S. D. Odintsov, JCAP 04, 024 (2008);
G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov, L. Sebastiani and S. Zerbini, Phys.
Rev. D 77, 046009 (2008);
C. Corda, Europhys. Lett. 86, 20004 (2009);
T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010);
S. Nojiri and S. D. Odintsov, Phys. Rept. 505, 59 (2011)
12. M. Born and L. Infeld, Proc. R. Soc. A 144, 425 (1934).
13. H. Salazar, A. Garcia and J. Plebanski, J. Math. Phys. (N.Y.) 28, 2171 (1987).
14. H. Salazar, A. Garcia and J. Plebanski, Nouvo Cimento B 84, 65, (1984).
15. G. W. Gibbons and D. A. Rashed, Nucl. Phys. B 454, 185 (1995).
16. E. Fradkin and A. Tseylin, Phys. Lett. 163 B, 123 (1985).
S. Deser and G. W. Gibbons, Class. Quant. Grav. 15, L35 (1998).
17. E. Ayon-Beato and A. Garcia, Phys. Rev. Lett. 80, 5056 (1998).
18. M. Cataldo, N. Cruz, S.D. Campo and A. Garcia, Phys. Lett. B 484, 154 (2000).
19. O. Gurtug, S. Habib Mazharimousavi and M. Halilsoy, Phys. Rev. D 85, 104004 (2012).
20. S. Habib Mazharimousavi , O. Gurtug, M. Halilsoy and O. Unver, Phys. Rev. D 84,
124021 (2011).
21. H. Maeda, M. Hassaine and C. Martinez, Phys. Rev. D 79, 044012 (2009)
22. M. Hassaine and C. Martinez, Class. Quant. Grav. 25, 195023 (2008).
23. T.P. Sotiriou and V. Faraoni, Phys. Rev. Lett. 108 (2012) 081103.
24. Y. Ling, C. Niu, J.P. Wu and Z.Y. Xian, J. High Energy Phys. 11 (2013) 006.
25. V. Faraoni, Phys. Rev. D 95 (2017) 124013.
26. M. Dehghani, Int. J. Mod. Phys. D, 27 (2018) 1850073.
27. M. Dehghani and S.F. Hamidi, Phys. Rev. D, 96 (2017) 104017
28. C Heinicke, FW Hehl -Schwarzschild and Kerr solutions of Einstein’s field equation:
An Introduction - International Journal of Modern Physics D, 2015.
29. J.D. Brown, J.W. York, Phys. Rev. D, 47 (1993) 1407.
30. K.C.K Chan, J.H. Horne, and R.B. Mann, Nucl. Phys. B, 447 (1995) 441.
31. A. Komar, Phys. Rev. 113, 934 (1959).
32. A. Komar, Phys. Rev. 127, 1411 (1962).
33. Modak S K, Samanta S 2012 Int. J. Theor. Phys. 51 1416 [arXiv:1006.3445 [gr-qc]].
34. S.W. Hawking and D.N. Page, Commun. Math. Phys., 87 (1983) 577.
35. N. Breton, Gen. Rel. Grav. 37 (2005) 643 [gr-qc/0405116].
36. L. Balart and S. Fernando, arXiv:1710.07751 [gr-qc].
